Abstract. Let H be a complex Hilbert space and A, B ∈ B(H ) such that 0 < A, B ≤ 1 2 I. Setting A ′ := I − A and B ′ := I − B, we prove
Introduction
Let n ≥ 2 and λ 1 , · · · , λ n ≥ 0 such that n i=1 λ i = 1. For n arbitrary real numbers x 1 , · · · , x n > 0, we denote by A n , G n and H n the arithmetic, geometric and harmonic means of x 1 , · · · , x n respectively, i.e.
Also when x i ∈ (0, 
( 1.2)
The Ky Fan's inequality A
was introduced for the first time in [4] . From then several mathematicians attained new proofs, extensions, refinements and various related results. For more information about Ky Fan and Ky Fan type inequalities see [2, 7] . In 1988, an additive analogue of (1.3) presented by H. Alzer [3] as
In both of (1.3) and (1.4), equality holds if and only if
Another interesting additive analogue of Ky Fan's inequality was discovered by H.
Alzer [1] in 1993, as follows
with equality holding if and only if x 1 = · · · = x n . For a new refinement and converse of (1.5) refer to [8] . If we divide two sides of (1.5) by A ′ n H ′ n , and using this fact that A ′ n H ′ n ≥ A n H n , we conclude the following inequality due to J. Sandor [9] 1
Similarly, dividing two sides of (1.5) by H ′ n and note that H ′ n ≥ H n , we obtain
Throughout this paper, let B(H ) denote the C * −algebra of all bounded linear operators acting on a complex Hilbert space (H , ·, · ) and I be the identity operator. 
In particular, in the case of λ = , the usual arithmetic, geometric and harmonic means of A, B simply denoted by A∇B, A♯B and A!B, respectively. For more information on operator inequalities and operator means see [5] .
In [6] an operator revision of (1.4) for n = 2 in the case of commutative operators are obtained. The aim of this paper is to generalize the inequalities (1.5), (1.6) and (1.7) for operators on Hilbert spaces. In this way, we obtain natural direct operator version for the inequality (1.5). Also we give operator extensions of (1.6) and (1.7).
Main results
We start with the following useful lemma.
Lemma 2.1. Let T ∈ B(H ) be a strictly positive operator and λ ∈ [0, 1]. Then
Proof. (i) Since the operators I and T commute, we have
(ii) Changing T by T −1 in (2.1), we have
Now multiplying both sides of (2.4) from left and right by T 1 2 , we deduce (2.2). (iii) First, we multiply both sides of (2.1) from left and right by (I! λ T )
so we obtain (iii). 
Proof. (i) Considering strictly positive operator
and putting it in (2.1) we obtain
Multiplying both sides of (2.8) from left and right by A 1 2 , yields
.
So the proof of (i) is complete. (ii) Similar to (i), putting
Multiplying both sides of (2.9) from left and right by A 
This is equivalent to
Multiplying both sides of (2.10) from left and right by A 1 2 we deduce (iii).
The next theorem gives a natural operator version of the Ky Fan type inequality (1.5) in the case of n = 2. Operator extensions of (1.6) and (1.7), are also presented.
For the sake of brevity, we set A ′ := I − A and B ′ := I − B. I and λ ∈ [0, 1]. Then we have
(2.12)
Proof. (i) Since A ′ , B ′ > 0, substituting A and B with A ′ and B ′ in (2.5) respectively, we get
Now since 0 < A ≤ A ′ and 0 < B ≤ B ′ , we have
and so
Now considering (2.5) and (2.14) we obtain (2.11). The proofs of (ii) and (iii) are similar to (i) and we omit the details. 
(ii) In the case that A, B are two commutative operators such that 0 < A, B ≤ 1 2 I and λ ∈ [0, 1], the identites (2.6) and (2.7) transform to Now changing A, B by A ′ , B ′ we obtain
Comparing (2.17) and (2.19), yields ] and λ ∈ [0, 1], putting A = x 1 I and B = x 2 I in (2.11), (2.21) and (2.22), we get (1.5), (1.6) and (1.7) when n = 2. These show that (2.11), (2.12) and (2.13) are operator extensions of (1.5), (1.6) and (1.7).
